Abstract. Some extension theorems for the distribution solutions to Dmodules will be given. We will use the notion of regular singularities introduced by Kashiwara-Oshima (1977) .
Introduction
In this paper, we will give several extension theorems for the distribution solutions (C ∞ -solutions) to D-modules. These results are the refinements of the results for hyperfunction solutions obtained in Kashiwara-Schapira [8] and [12] (cf. also [13] ), for which we make use of the characterization in [7] of the systems with regular singularities (introduced also by Kashiwara-Oshima [7] ) and the ideas of [4] . One of our results is considered as a variant of the main theorem of D'Agnolo-Tonin [4] .
Notations and known results
In the present paper, we essentially employ the notations and terminology of [9] and [1] . Let M be a real analytic manifold of dimension n ≥ 1 and N a submanifold of codimension d ≥ 1. We take a complexification Y ⊂ X of N ⊂ M . We denote by D X the sheaf of holomorphic differential operators on X, and consider the sheaf B M of Sato's hyperfunctions on M . Then we have the following results for hyperfunction solutions to coherent D X -modules.
(ii) ( [12] and [13] 
Let us give an example of Theorem 2.1 (ii), which will explain why it cannot be stated in the derived categories (that is, in all degrees). For details, see also the proof of Theorem 4.10 of [13] . 
Example 2.2 ([13]). We assume that d = 2 and let
. This is because of the elliptic factor V 0 ⊂ charM.
To obtain the distribution version of the above theorem, we shall use the notion of regular singularities introduced by Kashiwara-Oshima [7] and the techniques of D'Agnolo-Tonin [4] . We denote by E X the sheaf of ring of micro-differential operators on T * X. Proposition 2.3 (Kashiwara-Oshima [7] ). Let V ⊂Ṫ * X be a regular involutive submanifold and let M be a coherent E X -module. We take a coherent E X -module S V which is simple along V . Assume that M has regular singularities along V (in the sense of Kashiwara-Oshima [7] ). Then we have an exact sequence
of E X -modules for some N 0 ≥ 0.
Extension theorems for distribution (C ∞ -) solutions
In this section, we will give a distribution version of Theorem 2.1. Now let Db M (resp. A M ) be the sheaf of Schwartz's distributions (real analytic functions) on M and consider the exact sequence
where C f M is the sheaf of tempered microfunctions introduced by Bony [2] (see also Andronikof [1] for a functorial construction) andπ :Ṫ * M X −→ M is the projection. In the first part of the next theorem, we consider the systems introduced by D'Agnolo-Tonin [4] . (i) We consider the same situation as in Theorem 2.1 (i). Assume moreover:
Then we have an isomorphism: 
Proof. To explain the idea of the proof, first we restrict ourselves in proving formula (3.2) in the "0-th cohomology" 5) in which all arrows are injective. Since the section
on the half side Φ(π −1 (Ω) ∩ U 1 ) ⊂ U 2 of U 2 and "constant" along real bicharacteristic strips of S which are transversal to Φ(π
, and the invariance by quantized contact transformations of the sheaf C f M proved by Bony [2] (see also Andronikof [1] ) ensures that u ∈ Γ(U 1 ; Hom DX (M, C f M )). This impliesũ ∈ Hom DX (M, Db M )| N and completes the proof of the 0-th cohomology part of (i).
The part (ii) is also proved by extending u ∈ Γ Ω Hom DX (M, Db M )| N as a hyperfunction solution (by Theorem 2.1 (ii)) and using the same microlocal observation as above.
Finally, we will prove formula (3.2) completely; that is, in the derived category. Since the system M in consideration is now hyperbolic, we may apply Corollary 6.4.4. of [9] to get the isomorphism
